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In this paper, a spectral element model is derived for the dynamics and stability analyses of the axially moving
viscoelastic beams subject to axial tension. The viscoelastic material is represented in a general form by using the
one-dimensional constitutive equation of hereditary integral type. The high accuracy of the present spectral ele-
ment model is veriﬁed ﬁrst by comparing the eigenvalues obtained by the present spectral element model with
those obtained by using the conventional ﬁnite element model as well as with the exact analytical solutions.
The eﬀects of viscoelasticity and moving speed on the dynamics and stability of moving beams are numerically
investigated.
 2004 Elsevier Ltd. All rights reserved.
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The moving belt used in power transmissions is an example of axially moving one-dimensional struc-
tures. Above a certain critical moving speed, such axially moving structures may experience severe vibra-
tions and dynamical instabilities to cause structural failures. To ensure that such structural systems are
under stable working conditions, the dynamic responses and stability of such systems have been studied
extensively. In most existing previous works, the axially moving one-dimensional structures were assumed0020-7683/$ - see front matter  2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2004.09.026
* Corresponding author. Tel.: +82 32 860 7318; fax: +82 32 866 1434.
E-mail address: ulee@inha.ac.kr (U. Lee).
2382 U. Lee, H. Oh / International Journal of Solids and Structures 42 (2005) 2381–2398to be elastic and represented by string models or beam models. An extensive literature overview on this sub-
ject can be found from Wickert and Mote (1988).
With the advancement of material technologies, new materials such as plastics, metallic or ceramic
reinforced composite materials and polymeric materials are now widely used for moving belts (e.g., Fung
et al., 1997; Zhang and Zu, 1998, 1999; Hou and Zu, 2002; Marynowski and Kapitaniak, 2002). Such
materials do not obey Hooks law, but exert inherently viscoelastic behavior which can be modeled by
integral or diﬀerential type of constitutive equations (Flu¨gge, 1975; Christensen, 1982; Haddad, 1995).
However, to the authors surprises, the literature that is specially related to a viscoelastic moving struc-
tures is found to be very limited. Fung et al. (1997) seems to be the ﬁrst to discuss the transverse vibra-
tion of a viscoelastic moving belt of which material was modeled by a standard linear solid model of
hereditary integral type. They used a Galerkins method and a ﬁnite diﬀerence numerical integration pro-
cedure to obtain the transient responses. Later on, Fung et al. (1998) extended their previous work to
investigate the eﬀect of material damping on the nonlinear free vibration of moving belts, while Zhang
and Zu (1998, 1999) considered the nonlinear free and forced vibrations and parametrically excited oscil-
lations by adopting a Kelvin model of diﬀerential type for the viscoelastic material of moving belt. Hou
and Zu (2002) used a standard linear solid model of diﬀerential type to investigate the nonlinear free
oscillations of moving viscoelastic belts. In the aforementioned references, the moving viscoelastic belts
were all represented by string models. The beam model was used by Marynowski and Kapitaniak
(2002) to investigate the stability and oscillations of an axially moving viscoelastic web by using the
Runge–Kutta method. They used the diﬀerential type of constitutive equations for the viscoelastic mate-
rial of web.
In the literature, various solution methods have been presented for the vibration analysis of linear vis-
coelastic structures; for instance, Galerkins method (e.g., Fung et al., 1997), Runge–Kutta method (e.g.,
Marynowski and Kapitaniak, 2002), Laplace transform method (e.g., Flu¨gge, 1975), the correspondence
and superposition principles (e.g., Findley et al., 1976), Fourier transform method (e.g., Christensen,
1982), ﬁnite element method (e.g. White, 1986), hybrid Laplace transform/ﬁnite element method (e.g.,
Chen, 1995), and so forth.
The spectral element method (SEM) is an exact solution method for the dynamic analysis of struc-
tures (Doyle, 1997; Lee et al., 2000; Lee, 2004). In SEM, the FFT-techniques based on spectral element
matrix (often called exact dynamic stiﬀness matrix) are used to obtain dynamic responses in the fre-
quency- and time-domains. The spectral element matrix is formulated in the frequency-domain by using
the frequency-dependent dynamic shape functions satisfying governing structural dynamic equations.
Thus, it allows one to use only one ﬁnite element for a uniform structure, regardless of its length.
The conventional ﬁnite element assembly procedure can be equally used in SEM to formulate the sys-
tem equation of complicated structures. In SEM, the dynamic responses in frequency- and time-do-
mains are computed very eﬃciently by using the forward-FFT (simply, FFT) and inverse-FFT
(simply, IFFT) algorithms. The use of FFT-techniques may improve the solution accuracy considerably,
while reducing the computational costs. Because the SEM is a frequency-domain method, it seems to be
best ﬁt for viscoelastic structures of which material properties are most often extracted indirectly from
the experimental forced vibration responses given in the form of receptance frequency response func-
tions (FRF) (e.g., Dalenbring, 2003). Although the spectral element matrix for the axially moving
zelastic string was recently derived by Le-Ngoc and McCallion (1999) to obtain exact eigenvalues,
the spectral element matrix for the axially moving viscoelastic beam has not been published in the
literature.
Thus, the purposes of this paper are to develop a spectral element model for the axially moving visco-
elastic beams subject to axial tension, and to investigate the eﬀects of viscoelasticity and moving speed on
the vibration and stability of an example moving viscoelastic beam.
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2.1. Constitutive equation
The three-dimensional constitutive equation for an integral type anisotropic linearly viscoelastic material
is given by (Christensen, 1982)rijðtÞ ¼
Z t
1
rijkl t  sð Þ_eklðsÞds ¼ rijklðtÞ  deklðtÞ; ð1Þwhere rij(t) is the tensor of stress history, eij(t) is the tensor of strain history, rijkl(t) is the fourth order tensor
of relaxation function, and (*) denotes the Stieltjes convolution between rijkl(t) and deij(t).The dot (Æ) de-
notes the derivative with respective to time t. For the one dimensional isotropic linearly viscoelastic mate-
rial, (1) can be reduced torðtÞ ¼
Z t
1
rðt  sÞ_eðsÞds ¼ rðtÞ  deðtÞ: ð2ÞIn the frequency-domain, (2) can be expressed asrðxÞ ¼ ixRðxÞeðxÞ; ð3Þ
where i ¼ ﬃﬃﬃﬃﬃﬃ1p is the imaginary unit, x is the circular frequency, and r(x), e(x) and R(x) are the Fourier
transforms of the stress history r(t), strain history e(t), and relaxation function R(t), respectively.
2.2. Equation of motion
Consider a uniform straight viscoelastic beam of length L, which travels at constant transport speed c
under an applied axial tension P. The equation of motion and relevant boundary conditions can be derived
from the extended Hamiltons principle (Abolghasemi and Jalali, 2003):Z t2
t1
ðdK  dV þ dW Þdt ¼ 0: ð4ÞThe kinetic energy K and the potential energy V are given byK ¼ 1
2
Z L
0
qAfc2 þ ð _wþ cw0Þ2gdx;
V ¼ 1
2
Z L
0
ðMw00 þ Pw02Þdx;
ð5Þwhere w(x, t) is the transverse deﬂection, qA is the mass per length, andM is the resultant bending moment
of beam. In (5), the prime ( 0) denotes the derivative with respective to spatial coordinate x. The virtual work
dW is given bydW ¼
Z L
0
f ðx; tÞdxþM1 dh1 þM2 dh2 þ Q1 dw1 þ Q2 dw2; ð6Þwhere f(x, t) is the external force, and M1, Q1 and h1 are the bending moment, the transverse shear force,
and the slope speciﬁed at x = 0, while M2, Q2 and h2 are those speciﬁed at x = L. The slopes h1 and h2 are
related to the transverse deﬂection ash1ðtÞ ¼ w0ð0; tÞ; h2ðtÞ ¼ w0ðL; tÞ: ð7Þ
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yieldsZ t2
t1
Z L
0
M 00  qAðc2w00 þ 2c _w0 þ €wÞ þ Pw00 þ f ðx; tÞ dwdxdt
þ
Z t2
t1
Qðx; tÞdwjL0 þ Q1 dw1 þ Q2 dw2
 
dt þ
Z t2
t1
Mðx; tÞdhjL0 þM1 dh1 þM2 dh2
 
dt ¼ 0; ð8ÞwhereM(x, t) and Q(x, t) are the resultant bending moment and transverse shear force, respectively, deﬁned
byMðx; tÞ ¼
Z
A
rzdA; Qðx; tÞ ¼ M 0 þ qAcð _wþ cw0Þ þ Pw0: ð9ÞFrom (8), the equation of motion for the moving viscoelastic beam can be obtained asIfRðtÞ  _w0000g þ qAðc2w00 þ 2c _w0 þ €wÞ  Pw00 ¼ f ðx; tÞ ð10Þ
with the relevant boundary conditions aswð0; tÞ ¼ w1 or Qð0; tÞ ¼ Q1;
hð0; tÞ ¼ h1 or Mð0; tÞ ¼ M1;
wðL; tÞ ¼ w2 or QðL; tÞ ¼ Q2;
hðL; tÞ ¼ h2 or MðL; tÞ ¼ M2:
ð11ÞSubstituting (2) into (9) gives the relations:Mðx; tÞ ¼ IðR  _w00Þ; Qðx; tÞ ¼ IðR  _w000Þ þ qAcð _wþ cw0Þ  Pw0: ð12Þ3. Spectral element formulation
The spectral element formulation begins with the governing equation of motion without external force.
The general solution is then represented in the discrete Fourier transform (DFT) form aswðx; tÞ ¼
XN1
n¼0
W nðxÞeixnt; ð13Þwhere Wn(x) is the spectral components (or Fourier coeﬃcients) corresponding to discrete frequencies
xn = 2pn/T (n = 0,1,2, . . .,N  1), where N is the number of spectral components to be taken into account
in the analysis, and T is the time window related to N asN ¼ 2fNYQT ; ð14Þ
where fNYQ is the highest frequency called Nyquist frequency. The spectral components are arranged to sat-
isfy W Nn ¼ W n, where W n is complex conjugate of Wn by the theory of DFT. The accuracy of time re-
sponses may depend on how many spectral components are taken into account in the analysis. The
summation and subscripts used in (13) are so obvious that they will be omitted in the following equations
for brevity.
By substituting (13) into (10), with f(x, t) = 0, one can obtainixRðxÞIW 0000  ðP  qAc2ÞW 00 þ 2ixqAcW 0  qAx2W ¼ 0: ð15Þ
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where k is the wavenumber. Substituting (16) into (15) yields a dispersion relation:ixRðxÞIk4 þ ðP  qAc2Þk2  2xqAck  qAx2 ¼ 0: ð17Þ
From (17), four roots kr (r = 1,2,3,4) can be obtained. Then the general solution of (15) can be rewritten
asW ðxÞ ¼
X4
r¼1
Creikrx: ð18ÞNow, consider a ﬁnite beam element of length l as shown in Fig. 1. The spectral nodal degrees of freedom
(DOFs), the spectral nodal shear forces and the spectral nodal bending moments are listed in Fig. 1. The
spectral nodal DOFs are deﬁned byW 1 ¼ W ð0Þ; H1 ¼ W 0ð0Þ;
W 2 ¼ W ðlÞ; H2 ¼ W 0ðlÞ:
ð19ÞSubstituting (18) into (19) gives a relation between the nodal DOFs vector d and the constants vector C asd ¼ YðxÞC ; ð20Þ
whered ¼ W 1 H1 W 2 H2f gT; C ¼ C1 C2 C3 C4f gT;
YðxÞ ¼
1 1 1 1
e1 e2 e3 e4
e1 e2 e3 e4
e1e1 e2e2 e3e3 e4e4
2
6664
3
7775
ð21Þwith the deﬁnitions ofer ¼ ikr; er ¼ eikrl ðr ¼ 1; 2; 3; 4Þ: ð22Þ
Assume that the shear force Q(x, t) and bending momentM(x, t) can be represented in the DFT forms asQðx; tÞ ¼
XN1
n¼0
QnðxÞeixnt; Mðx; tÞ ¼
XN1
n¼0
MnðxÞeixnt: ð23ÞApplying (13) into (12) and using (23) gives the spectral components of Q(x, t) and M(x, t) as follows:MðxÞ ¼ ixRðxÞW 00; QðxÞ ¼ ixRðxÞW 000 þ ðqAc2  P ÞW 0 þ ixqAcW ; ð24ÞW1 1 
M2 Q2 
2 W2 
M1 Q
Θ Θ
1 
l
 
Fig. 1. Sign convention for the moving ﬁnite viscoelastic beam element.
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on the ﬁnite beam element shown in Fig. 1 are deﬁned byQ1 ¼ Qð0Þ; M1 ¼ Mð0Þ; Q2 ¼ QðlÞ; M2 ¼ MðlÞ ð25Þ
Substituting (18) into (24) and applying the results into (25) yields a relation between the nodal forces vec-
tor f and the constants vector C asf ¼ XðxÞC ; ð26Þ
wheref ¼ Q1 M1 Q2 M2f gT; XðxÞ ¼
g1 g2 g3 g4
h1 h2 h3 h4
e1g1 e2g2 e3g3 e4g4
e1h1 e2h2 e3h3 e4h4
2
6664
3
7775 ð27Þwithgr ¼ i ixRðxÞk3r þ ðqAc2  P Þkr þ xqAc
 
; hr ¼ ixRðxÞk2r : ð28Þ
The constants vector C can be readily eliminated from (20) and (26) to obtain the relation between the
nodal forces vector and the nodal DOFs vector as follows:f ¼ SðxÞd; ð29Þ
where S(x) is the frequency-dependent spectral element matrix deﬁned bySðxÞ ¼ XðxÞYðxÞ1: ð30Þ
The spectral element matrices can be assembled in a completely analogous way to that used in the
conventional FEM. Finally applying the boundary conditions may provide a global system equation in
the form:SgðxÞdg ¼ f g; ð31Þ
where Sg(x) is the global spectral matrix, dg is the global spectral nodal DOFs vector, and fg is the global
spectral nodal forces vector.
The natural frequencies xNAT can be obtained from the condition that the determinant of global spectral
matrix Sg(x) becomes zero asdet SgðxNATÞ ¼ 0: ð32Þ
To compute the roots of (32), one may plot detSg(x) with respect to the frequency x and/or use a proper
root-ﬁnding algorithm. Not to miss any roots bellow a certain speciﬁed frequency during the root search
process, the Wittrick–Williams algorithm (Wittrick and Williams, 1971) can be applied.
To obtain the dynamic responses in time-domain, ﬁrst compute fg from the external forces transformed
into the frequency-domain by using the forward-FFT algorithm. Next solve (31) for dg and apply the results
into (20) to compute the spectral components of response from (18). Finally, based on the DFT theory of
(13), the inverse-FFT algorithm is used to obtain the vibration response in the time-domain. One may
remember that, because there have not been made any restriction on R(x), the Fourier transform of relax-
ation function of a viscoelastic material, the spectral element matrix of (30) is general and can be applied to
any linearly viscoelastic moving beams subjected to axial tension.
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Numerical studies have been conducted to evaluate the present spectral element model as well as to
investigate the eﬀects of viscoelastcity and moving speed on the dynamics and stabilities of moving visco-
elastic beams.
For the numerical studies, two beam models shown in Fig. 2 are considered: one-span beam (Fig. 2a)
and two-span beam (Fig. 2b). The one-span beam is simply supported at both ends and the two-span beam
is constructed by connecting two equal one-span beams so that its total length is twice the length of the
original one- span beam. The mid-point and two ends of the two-span beam are all simply supported. Each
span of beam has the length L = 1m, width b = 0.2m, thickness h = 0.0015m, and mass density
q = 7800kg/m3. The viscoelasticity of the beam material is represented by the Kelvin–Voigt model (see
Fig. 3), which can be represented by (Flu¨gge, 1975)FrðtÞ ¼ EeðtÞ þ g_eðtÞ: ð33Þ
Thus, the Fourier transform of the relaxation function of viscoelastic material can be obtained from (33) as
by (Flu¨gge, 1975):ixRðxÞ ¼ E þ ixg: ð34Þ
For numerical computations, Youngs modulus E = 2 · 1011N/m2 is used with varying the magnitude of
viscoelasticity g.
4.1. Accuracy of spectral element model
The high accuracy of the present spectral element model is veriﬁed ﬁrst by comparing the eigenvalues
obtained by using the present SEM with those by the conventional FEM as well as with the exact analytical(a) 
L
L L
(b) 
ig. 2. Two stationary beams with simply supported boundary conditions. (a) One-span beam and (b) two-spans beam.
η
E
Fig. 3. Kelvin–Voigt model of the viscoelastic beam material.
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Fig. 2 are stationary (i.e., c = 0m/s), but not subject to the axial tension (i.e., P = 0 N). The ﬁnite element
model used for the FEM results can be represented byM€d þ ðCG þ CVÞ _d þ Kd ¼ f ð35Þ
where d is the nodal displacement DOFs vector deﬁned by (20), f is the nodal forces vector, M is the mass
matrix, CG is the skew-symmetric gyroscopic matrix, CV is the viscoelastic damping matrix, and K is the
stiﬀness matrix. To formulate the ﬁnite element model given by (35), the displacement ﬁelds within a ﬁnite
element of length l are assumed in the form (Petyt, 1990)wðx; tÞ ¼ NðxÞdðtÞ; ð36Þ
where N(x) is the shape function matrix given byNðxÞ ¼ 1 3n2 þ 2n3; nðn 1Þ2l; 3n2  2n3; nðn2  nÞl
h i
; ð37Þwheren ¼ x
l
ð0 6 x 6 lÞ: ð38ÞThe ﬁnite element matrices M, CG, CV and K are given byM ¼ qAl
420
156 22l 54 13l
4l2 13l 3l2
156 22l
sym 4l2
2
66664
3
77775; CG ¼
qAc
30
0 6l 30 6l
6l 0 6l l2
30 6l 0 6l
6l l2 6l 0
2
66664
3
77775;
CV ¼ 1
l3
12gI 6gIl 12gI 6gIl
4gIl2 6gIl 2gIl2
12gI 6gIl
sym 4gIl2
2
66664
3
77775; K ¼
EI
30l3
K11 K12 K13 K14
K22 K23 K24
K33 K34
sym K44
2
66664
3
77775;
ð39ÞwhereK11 ¼ K13 ¼ K33 ¼ 360þ 36r  36s;
K12 ¼ K14 ¼ K34 ¼ 180lþ 3rl 3sl;
K24 ¼ 60l2  rl2 þ sl2;
K22 ¼ K44 ¼ 120l2 þ 4rl2  4sl2;
r ¼ Pl
2
EI
; s ¼ qAc
2l2
EI
ð40ÞTables 1 and 2 compare the lowest ﬁve eigenvalues (i.e., k1,k2, . . .,k5) of the one-span beam and the two-
span beam, respectively, for two cases. The ﬁrst case is when the viscoelasticity is not taken into account
(i.e., g = 0) and the second case is when the viscoelasticity is taken into account (i.e., g = 6.8 · 104E, where
E = 2 · 1011N/m2). Physically, g = 0 means that the beams are pure elastic, while g5 0 means that the
beams are viscoelastic. For the SEM results, only one ﬁnite element is used for the one-span beam while
two ﬁnite elements for the two-span beam. Tables 1 and 2 show that the present SEM results are identical
to the exact analytical results (Karnovsky and Lebed, 2001). When the beams are pure elastic (i.e., g = 0),
Table 1
The lowest ﬁve eigenvalues of the simply-supported stationary one-span beam obtained by the present SEM, FEM and the exact
theory (Karnovsky and Lebed, 2001)
g Method N k1 k2 k3 k4 k5
0 Theory
(exact)
3.444 i 13.777 i 30.998i 55.107i 86.105i
SEM 1 3.444 i 13.777 i 30.998i 55.107i 86.105i
FEM 10 3.444 i 13.800 i 31.014i 55.198i 86.445i
20 3.444 i 13.778 i 30.999i 55.113i 86.127i
50 3.444 i 13.777 i 30.998i 55.107i 86.106i
100 3.444 i 13.777 i 30.998i 55.107i 86.105i
6.8 · 104E SEM 1 0.025 + 3.444 i 0.405 + 13.771 i 2.052 + 30.930i 6.486 + 54.724i 15.836 + 84.636i
FEM 10 0.025 + 3.444 i 0.407 + 13.794 i 2.055 + 30.946i 6.508 + 54.814i 15.961 + 84.959i
20 0.025 + 3.444 i 0.405 + 13.772 i 2.052 + 30.931i 6.488 + 54.730i 15.844 + 84.658i
50 0.025 + 3.444 i 0.405 + 13.771 i 2.052 + 30.930i 6.486 + 54.724i 15.836 + 84.637i
100 0.025 + 3.444 i 0.405 + 13.771 i 2.052 + 30.930i 6.486 + 54.724i 15.836 + 84.636i
Note: (1) N = number of ﬁnite elements, (2) E = 2 · 1011N/m2.
Table 2
The lowest ﬁve eigenvalues of the simply-supported stationary two-span beam obtained by the present SEM, FEM and the exact
theory (Karnovsky and Lebed, 2001)
g Method N k1 k2 k3 k4 k5
0 Theory
(exact)
3.444 i 5.381 i 13.777i 17.436i 30.998i
SEM 2 3.444i 5.381 i 13.777i 17.436i 30.998i
FEM 10 3.446i 5.382 i 13.800i 17.482i 31.244i
20 3.444i 5.381 i 13.778i 17.439i 31.014i
50 3.444i 5.381 i 13.777i 17.436i 30.998i
100 3.444i 5.381 i 13.777i 17.436i 30.998i
6.8 · 104E SEM 2 0.025 + 3.444i 0.062 + 5.380i 0.405 + 13.771i 0.649 + 17.424i 2.052 + 30.930i
FEM 10 0.025 + 3.445i 0.062 + 5.382i 0.407 + 13.794i 0.653 + 17.470i 2.085 + 31.174i
20 0.025 + 3.444i 0.062 + 5.380i 0.405 + 13.772i 0.650 + 17.427i 2.055 + 30.946i
50 0.025 + 3.444i 0.062 + 5.380i 0.405 + 13.771i 0.649 + 17.424i 2.052 + 30.930i
100 0.025 + 3.444i 0.062 + 5.380i 0.405 + 13.771i 0.649 + 17.424i 2.052 + 30.930i
Note: (1) N = number of ﬁnite elements, (2) E = 2 · 1011N/m2.
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ﬁnite elements is increased up to about 100 for the one-span beam and about 50 for the two-span beam.
This is also true for the viscoelastic beams with g = 6.8 · 104E. This observation certainly conﬁrms the
extremely high accuracy of the present spectral element model.
4.2. Eﬀect of viscoelasticity and moving speed on the stability
The eigenvalues for the one-span beam and two-span beam are illustrated in Tables 1 and 2, respectively.
It is assumed that two beams are all stationary (i.e., c = 0m/s), but not subject to axial tension (i.e.,
P = 0kN/m). Tables 1 and 2 show that all eigenvalues are pure imaginary for pure elastic beams (i.e., when
g = 0). However, for the viscoelastic beams (i.e., when g5 0), the all eigenvalues are complex with imag-
inary values of which magnitudes are slightly reduced due to the eﬀect of viscoelasticity. This implies that
the eﬀect of viscoelasticity tends to make two stationary beams more stable with reduced natural
frequencies.
Fig. 4. Moving speed and viscoelasticity dependence of the lowest two eigenvalues of moving one-span beam subject to axial tension
P = 2.5kN/m: (—) for g = 0 and (  ) for g = 6.8 · 104E (E = 2 · 1011N/m2).
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two eigenvalues (k1 and k2) of the moving one-span beam (Fig. 2a) subject to the axial tension P = 2.5kN/
m, while Table 3 on the stability of the corresponding two natural modes. Four zones (i.e., Zone A, Zone B,
Zone C, and Zone D) are indicated in both Table 3 and Fig. 4, depending on the range of moving speed of
beam. From Fig. 4 and Table 3, one may ﬁnd the followings.
In Zone A, the imaginary parts of eigenvalues (i.e., natural frequencies) are reduced in magnitude as the
moving speed is increased up to the lowest critical moving speed of about 33.40m/s. This is true whether the
beam is pure elastic or not. Thus, if the moving speed is kept below the lowest critical moving speed,
the ﬁrst natural mode and the second natural mode corresponding to k1 and k2 respectively, are always sta-
ble. It is interesting to observe that only the imaginary part of k1, i.e., the ﬁrst natural frequency) vanishes
completely as the moving speed reaches the lowest critical moving speed while its real part turns to positive
from zero for the case of elastic beam (i.e., when g = 0) or to positive from negative for the case of visco-
elastic beam (i.e., when g5 0). Physically this implies that the ﬁrst natural mode becomes unstable by the
divergence instability when the moving speed becomes equal or larger than the lowest critical moving speed
of about 33.40m/s. The lowest critical moving speed is called the divergence speed and denoted by cD. The
eﬀect of viscoelasticity can be found numerically or analytically not to aﬀect the divergence speed cD.
Because the divergence is the static instability, the divergence speed cD for a simply-supported moving
Table 3
Eﬀects of moving speed and viscoelasticity on the lowest two eigenvalues k1 and k2 of the moving one-span beam subject to axial tension P = 2.5kN/m (E = 2 · 1011N/
m2)
Visco-
elasticity
g
Natural
modes
Zones Zone A Zone B Zone C Zone D
C < CD = 33.40 CD 6 C 6 35.47 35.47 < C 6 CF = 36.25 36.25 < C < 38.67
Points (m/s) a
(32.0)
b
(32.5)
c
(33.0)
CD
(33.4)
d
(34.0)
e
(34.5)
f
(35.0)
g
(35.5)
h
(36.0)
i
(36.2)
CF
(36.25)
j
(36.5)
k
(37.0)
l
(37.5)
0 First
mode
Re[k1] 0 +ve 0 +ve
Im[k1] +ve 0 +ve +ve
Stability Stable
(neutral)
Divergence Stable
(neutral)
Flutter
Second
mode
Re[k2] 0 0 0 +ve
Im[k2] +ve +ve +ve +ve
Stability Stable
(neutral)
Stable Stable
(neutral)
Flutter
6.8 · 105 E First
mode
Re[k1] ve +ve +ve +ve
Im[k1] +ve 0 +ve +ve
Stability Stable Divergence Flutter Flutter
Second
mode
Re[k2] ve ve ve ve
Im[k2] +ve +ve +ve +ve
Stability Stable Stable Stable Stable
6.8 · 104 E First mode Re[k1] ve +ve +ve +ve
Im[k1] +ve 0 +ve +ve
Stability Stable Divergence Flutter Flutter
Second
mode
Re[k2] ve ve ve ve
Im[k2] +ve +ve +ve +ve
Stability Stable Stable Stable Stable
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follows (see Appendix A):Fig. 5.
beamcD ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EI
qA
p
L
 2
þ P
qA
s
: ð41ÞDynamic responses of the moving one-span beam subject to axial tension P = 2.5kN/m at various moving speeds. (a) Elastic
(g = 0) and (b) viscoelastic beam (g = 6.8 · 104E).
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value 33.40m/s, which is illustrated in Table 3 and Fig. 4.
In Zone B, the ﬁrst natural mode is unstable with divergence instability, while the second natural mode
keeps stable whether the beam is pure elastic (i.e., g = 0) or not (i.e., g5 0).
In Zone C, the imaginary parts of k1 and k2 are all positive. As the moving speed is increased, they
merge gradually to each other. In other words, the ﬁrst natural frequency increases while the second
natural frequency decreases. In Zone C, the real part of k1 is zero for the case of elastic beam, but
positive for the case of viscoelastic beam, while the real part of k2 is always negative in Zone C. This
implies that, in Zone C, the second mode is always stable, and the ﬁrst natural mode will be stable for
the case of elastic beam and unstable (ﬂutter instability) for the case of viscoelastic beam, which is
the commonest case in practice. In other words, the viscoelasticity eﬀect removes the second stable
zone which may appear just after the divergence zone if elastic beam is elastic: this is probably the
commonest case.
For the case of pure elastic beam (g = 0), two complex eigenvalues k1 and k2 completely merge to a single
complex value at the boundary between Zone C and Zone D (i.e., at about c = 36.25m/s). The imaginary
part of the merged single complex eigenvalue is positive while the corresponding real part is zero. As the
moving speed is increased beyond the critical moving speed of about 36.25m/s, the imaginary part of
the merged single complex eigenvalue decreases in magnitude while the real part increases. This observation
implies that, for the case of elastic beam, the ﬁrst and second natural modes are completely merged to a
single coupled-mode which is unstable with ﬂutter instability.
However, it is very interesting to investigate that the dynamics of the viscoelastic beam (g5 0) seems to
be diﬀerent in detail from that of the pure elastic beam (g = 0). In contrary to the case of pure elastic beam,
two eigenvalues k1 and k2 of viscoelstic beam are not same and dont merge to a single value even though
the moving speed is kept increasing beyond the critical moving speed of about 36.25m/s. The imaginaryFig. 6. Eﬀect of viscoelasticity on the ﬁrst natural mode shape of moving one-span beam subject to axial tension P = 2.5kN/m. (a)
c = 32m/s (point a), (b) c = 34m/s (point d), (c) c = 36m/s (point h) and (d) c = 36.5m/s (point j).
2394 U. Lee, H. Oh / International Journal of Solids and Structures 42 (2005) 2381–2398parts of k1 and k2 are all positive, but slightly diﬀerent. The real part of k1 is positive while that of k2 is
negative. This implies that the second natural mode keeps stable while the ﬁrst natural mode of viscoelastic
beam becomes unstable by the ﬂutter instability as the moving speed is increased to become equal or grater
than a critical moving speed of about 36.25m/s, which is the ﬂutter speed denoted by cF. Thus, the coupled-
mode ﬂutter of a pure elastic beam should be distinguished from the ﬁrst natural mode ﬂutter of a visco-
elastic beam.Fig. 7. Eﬀect of moving speed on the ﬁrst and second natural mode shapes of the moving elastic one-span beam (g = 0) subject to axial
tension P = 2.5kN/m. (a) First mode and (b) second mode.
Fig. 8. Eﬀect of moving speed on the ﬁrst and second natural mode shapes of the moving viscoelastic one-span beam (g = 6.8 · 104E)
subject to axial tension P = 2.5kN/m. (a) First mode and (b) second mode.
U. Lee, H. Oh / International Journal of Solids and Structures 42 (2005) 2381–2398 2395Fig. 5(a) and (b) show the dynamic responses of the pure elastic one-span beam and the viscoelastic one-
span beam, respectively, at various moving speeds: c = 16.7m/s in Zone A, c = 33.4m/s in Zone B,
c = 36.0m/s in Zone C, and c = 36.25m/s in Zone D. As can be expected from Table 3 and Fig. 4, the
dynamic response for the pure elastic beam is stable (strictly speaking, neutral) at c = 16.7m/s, the diver-
gence at c = 33.4m/s, stable (neutral) at 36.0m/s, and the ﬂutter at c = 36.25m/s. However, the dynamic
response for the viscoelastic beam is somewhat diﬀerent from that for the pure elastic beam. For instance,
the viscoelstic beam is stable (not neural) at c = 16.7m/s and the ﬂutter c = 36.0m/s.
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Fig. 6 compares the ﬁrst natural mode shapes of the moving one-span beam at four moving speeds of the
one-span beam subject to the axial tension P = 2.5kN/m, depending on the degree of viscoelasticity g. The
viscoelasticity tends to slightly distort the original natural mode shape of pure elastic beam (i.e., when
g = 0). The changes of natural mode shapes due to the viscoelasticity are found to be relatively larger
in ﬂutter zones (i.e., Zone C and Zone D) when compared with the other zones of lower moving speeds.
In general, however the eﬀect of viscoelasticity on the change of natural modes seems to be not so
signiﬁcant.
4.4. Eﬀect of moving speed on the natural modes
Fig. 7 compares the ﬁrst and second natural mode shapes at various moving speeds for the elastic one-
span beam subject to the axial tension P = 2.5kN/m (i.e., when g = 0), while Fig. 8 is for the viscoelastic
one-span beam. The alphabets appeared in the legend of each ﬁgure denotes the diﬀerent moving speeds of
beam which are indicated in Table 3 as well as in Fig. 4. Form both ﬁgures; one may ﬁnd that the natural
modes gradually change their shapes as the moving speed of beam is increased. Comparing the ﬁrst and
second natural mode shapes at the same moving speed together as the moving speed of beam is increased,
one may realize that two natural mode shapes are gradually changed to resemble to each other. In case of
the elastic beam, Fig. 7 clearly shows that the ﬁrst natural mode shape becomes exactly same as that of the
second natural mode shape. Thus, as already discussed in the previous sub-section, the elastic beam will
ﬂutter in a completely merged single couple-mode when the moving speed is cP cF. However, in case of
the viscoelastic beam, Fig. 8 shows the ﬁrst two natural mode shapes resemble closely, but they are not ex-
actly same. Thus, as also discussed in the previous sub-section, the viscoelastic beam will ﬂutter only in the
ﬁrst mode when the moving speed is cP cF.5. Conclusions
In this paper, the exact dynamic stiﬀness matrix so called spectral element matrix is derived to develop a
spectral element model for the transverse vibration of an axially moving viscoelastic beam subject to an
axial tension. The viscoelasticity of the beam material is represented in a general form by using the one-
dimensional constitutive equation of hereditary integral type of viscoelastic material. The present spectral
element model is then veriﬁed by comparing its solutions (e.g., eigenvalues) with those obtained by the con-
ventional FEM as well as with those obtained by the exact theory. Numerical studies are conducted to
investigate the viscoelasticity eﬀect on the dynamics and stability of an example axially moving viscoelastic
beam. The viscoelasticity eﬀect is found to remove the second stable zone which may appear just after the
divergence zone if elastic beam is elastic. It is also found that the ﬁrst and second modes gradually change
and merge to resemble to each other as the moving speed of beam is increased. As the result, only ﬁrst nat-
ural mode becomes unstable with ﬂutter in the case of viscoelastic moving beam, while a single coupled-
mode ﬂutter may occur for the case of pure elastic moving beam.Appendix A
The divergence speed cD at which the static instability occurs can be derived in a closed form by consi-
dering the existence of non-trivial equilibrium position, i.e., the corresponding static eigenvalue problem
(Wickert and Mote, 1990; Oh et al., 2004).
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model moving beam can be reduced directly from (17), by putting x = 0 and also by using the relation
ixR(x)jx=0 = E from (34), as follows:EIk4 þ ðP  qAc2Þk2 ¼ 0: ðA:1Þ
Four roots can be obtained from (A.1) ask1 ¼ k2 ¼ 0; k3 ¼ k4 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qAc2  P
EI
s
 k: ðA:2ÞThe non-trivial equilibrium displacement can be then expressed in the formW ðxÞ ¼ C1 þ C2xþ C3eikx þ C4eikx: ðA:3Þ
The simply-supported boundary conditions are given byW ð0Þ ¼ 0; W 00ð0Þ ¼ 0;
W ðLÞ ¼ 0; W 00ðLÞ ¼ 0: ðA:4ÞApplying (A.4) to (A.3) yields1 0 1 1
0 0 k2 k2
1 L eikL eikL
0 0 k2eikL k2eikL
2
6664
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7775
C1
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C4
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>>:
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>>;
¼
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0
0
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>>:
9>>=
>>;
: ðA:5ÞFrom the condition of the existence of nontrivial solutions of (A.5), the characteristic values can be ob-
tained askn ¼ ð2n 1ÞpL ðn ¼ 1; 2; 3; . . .Þ: ðA:6ÞSubstituting (A.6) into (A.1) gives the divergence speed cDn at which the divergence instability of the nth
vibration mode occurs:cDn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EI
qA
k2n þ
P
qA
s
: ðA:7ÞThe lowest divergence speed cD is given at n = 1 as follows:cDn ¼
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